The propagation of weak gravitational waves on the background of dark energy is studied. The consideration is carried out within the framework of an approximate approach where the cosmological scale factor is expanded as a power series for relatively small values of the redshift corresponding to the epoch of the present accelerated expansion of the Universe. For several different dark energy models, we obtain dispersion relations for gravitational waves which can be used to estimate the viability of every specific model by comparing with observational data.
I. INTRODUCTION
The discovery of the accelerated expansion of the present Universe at the end of the 1990's forced theorists to seek mechanisms providing such an acceleration. Among such mechanisms perhaps the most popular is a hypothesis that the Universe is filled by a special substance, called dark energy (DE) . The true nature of the latter is still unknown, but its main properties which enable us, on the one hand, to model the acceleration and on the other -not to contradict the observational astronomical data, -are quite clear. Namely, DE has to be homogeneously and isotropically distributed on large cosmological scales and has negative effective pressure p whose modulus is comparable to the energy density ρ, i.e., |p| ∼ ρ.
The literature in the field offers a variety of different DE models (see, e.g., the book [1] ) possessing the aforementioned properties. Independent of the fact which of them describes the observations in the most adequate way, the very fact of the possibility for DE to be present in the Universe assumes that all processes on the cosmological scales must take place on the background of DE. In particular, it concerns the process of propagation of gravitational waves (GWs) which represent small-scale spacetime perturbations. Since gravity is a universal type of interaction, during the propagation of a GW it, in general, will inevitably interact with any types of matter in the Universe, including DE.
Studies of interaction of GWs with matter filling the Universe are performed in the literature for a long time (see, for example, the earlier paper [2] where the case of pressure p > 0 is under consideration). After the discovery of the accelerated expansion of the present Universe there arose an interest in studying the process of the propagation of a GW through matter with negative pressure. In the simplest case it can be the cosmological Λ-term [3, 4] or matter with a linear equation of state [5, 6] . In the present paper we consider an approximate approach where DE can be modelled in arbitrary form (fluid or scalar field), and the consideration of the propagation of a GW is performed on relatively small cosmological scales. This enables us to estimate the magnitude of the dispersion of a GW, which is interesting from the observational point of view. Comparing the dispersion for different types of DE, one can obtain information with respect to the viability of specific models of DE.
II. GENERAL EQUATIONS AND PARTICULAR SOLUTIONS
We consider the propagation of a weak GW on the background of a spacetime filled by DE. In doing so, we follow Ref. [6] . The equation for the GW is
where Greek indices refer to the 4-dimensional spacetime, R
αµνβ is the background Riemann tensor. We use the Lorentz gauge choice
It is assumed that the wave propagates in a spatially flat universe described by the metric
where Latin indices refer to the 3-dimensional space, δ ik is the Kronecker symbol. Hereafter we work in units c = = 1, and we employ the conformal time coordinate, defined as dη = dt/a(t). This leads us to the following GW equation:
where the prime denotes differentiation with respect to η . Let us seek a solution to Eq. (4) in the form
where k j is the comoving wave vector, α is the dimensionless amplitude of the GW, and ε ik is the corresponding polarization tensor. Inserting (5) into (4), we have for the time-dependent function h
Since we consider the propagation of a GW on the background spacetime, then, to find the function a, it is necessary to solve the background Einstein equations with the given matter source. To do this, let us employ the (0-0) component of the Einstein equations
As the matter source, here we use a perfect fluid with T µν = diag(ρ, −p, −p, −p). As a result, we have two equations (6) and (7), whose solution describes the propagation of a GW through any type of matter given by the right-hand side of Eq. (7). Below we consider several examples involving different types of DE. Our purpose will be the derivation of a dispersion relation, which, as one can see from Eq. (6), is defined in terms of the scale factor a. The solution for the latter will be sought as follows. We will consider the evolution of the Universe on the relatively small time scales, say, starting from its transition to the stage of the present accelerated expansion, i.e., from z ≈ 0.4. In doing so, let us expand the scale factor as a power series in τ
where τ = η − η p , and the index p refers to the value of the corresponding variable somewhere in the past. A similar expansion will be used for the density of matter ρ(η). Substituting these expansions into Eqs. (6) and (7), algebraic equations for the expansion coefficients will be obtained. Proceeding in this way and using (8) , one can, in particular, find the following expansion in τ for the ratio a ′′ /a from (6):
Then the dispersion relation for a given instant of time can be written in the form
with a ′′ /a taken from (9) . Depending on a specific DE model, we will obtain different values for the expansion coefficients a 1 , a 2 containing parameters of the given DE model. Correspondingly, we will obtain different forms of the dispersion relation (10) that will enable us (at least theoretically) to distinguish different types of DE by tracking changes in the form of a GW.
A. Chaplygin gas
As a first example of a fluid filling the Universe, let us choose the generalized Chaplygin gas model, for which the equation of state can be taken in the form [7] 
Here ρ 0 is some "characteristic" density of the Universe, α and A s are positive constants. The limiting case A s = 1 corresponds to the de Sitter universe, and the case A s = 0 -to the universe filled by dust. Using the ansatz (11) in (7) and applying the expansion (8), one can find the following expressions for the expansion coefficients:
where
. Note here that by equating the obtained coefficient a 2 to zero [i.e., equating the parentheses in (12) to zero], it is possible to find a value a change p at which the decelerated expansion is replaced by acceleration. In particular, using the observational constraints on α and A s (0.2 α 0.6, 0.76 A s 0.88, see Ref. [7] ), one can find that a change p lies in the range ∼ 0.7 − 0.78. These values can be used as a lower limit on a p which approximately defines the beginning of the stage of the DE domination. In turn, as an upper limit for a p one can choose, for example, the current value of the scale factor a current p = 1. Using these values of a p and the aforementioned values of the parameters A s and α, one can estimate the influence that DE in the form of the Chaplygin gas has on the propagation of a GW.
As an example, let us write down a concrete form of the expression (9) [and correspondingly the dispersion relation (10)], when (12) is inserted. For simplicity, let us choose a p = 1. Then we have
This expression describes the deviation, which appears in the dispersion relation due to the presence of DE in the Universe, in the form of the Chaplygin gas, as compared, for example, with empty Minkowski spacetime, for which a ′′ is equal to zero.
B. Quintessence
As a second example, consider the well-known quintessence DE model described by a canonical scalar field φ with the potential V (φ) whose action is
By varying this action with respect to the metric and the scalar field, one can obtain the corresponding Einstein and scalar-field equations, which for the Friedmann-Robertson-Walker Universe can be written in the following form:
A description of DE within the framework of such a model is carried out for a certain choice of the quintessence potential V (φ). For example, consider a power potential used within the framework of the so-called "freezing models" [8] :
where the free parameter M is determined from the observational constraints, with M ≈ ρ m M n p 1/(n+4) . Here
GeV 4 is the current matter density, M p is the Planck mass. The current value of the field φ is assumed to be of the order of M p .
The solution of the system (14) and (15) is sought in the form of the expansions
and (8) for the scale factor. As a result, the following expressions for the expansion coefficients can be found:
Two other coefficients φ p and φ 1 are arbitrary. Since in the quintessence model the scalar field evolves in time, it is obvious that at various instants φ p and φ 1 will have different values. In particular, when the Universe transits to the stage of the present accelerated expansion the relation between φ p and φ 1 can be found from the condition a 2 = 0 and a p ≈ 0.7 (the latter value follows from observations).
For the current instant of time, when a current p = 1, one can get the following estimates. In order to obtain the late-time cosmic acceleration in the model with the potential (16), it is necessary to provide the following current value of the scalar field [1] :
That is, for n = O(1) the field value is of the order of the Planck mass. In addition, as in the case of the inflation in the early Universe, to obtain the accelerated expansion in the present Universe, the field energy must be concentrated in the potential part, i.e. we must have φ 
Using these values in Eqs. (9) and (10), one can obtain a dispersion relation for the quintessence model under consideration whose form eventually will be determined by the current matter density ρ m and the value of the free parameter n. Namely, the resulting expression can be represented in the form
Consider the case of a scalar field with a non-canonical kinetic term which is employed in k-essence models [1] . In this case the cosmic acceleration can be realized by the kinetic energy of the scalar field. In such models the scalar-field Lagrangian L φ = P (φ, X) is in general some function of the scalar field φ and its kinetic energy X = 1/2∂ µ φ∂ µ φ. In the literature, various forms of L φ are under consideration. For our purposes, we employ one of the simplest variants where
This is the so-called ghost condensate model [9] , in which the Lagrangian depends only on kinetic terms. Here M is a constant with the dimension of mass. As pointed out in [9] , by choosing M ∼ 10 −3 eV, it is possible to describe the current accelerated expansion of the Universe.
In the language of hydrodynamics, the function P plays the role of pressure. In turn, the energy density ρ =by choosing the upper sign in the expression for a 2 , i.e., the minus sign. This assumes that φ 1 should be positive to provide a 1 > 0 that corresponds to the expansion of the Universe, and not to the contraction. Then, equating to zero the square brackets in the expression for a 2 , one can find a relation between φ 1 and φ p by virtue of a p ≈ 0.7 and given values of λ (for example, λ = 0.2) and M (for example, M ∼ 10 −3 eV). Using the obtained expansion coefficients (29), one can find the dispersion relation (10). Due to its cumbersomeness, we do not show it here.
III. CONCLUSION
The process of propagation of a weak GW on the background of DE modeled by different types of matter has been considered. In doing so, we have used the approximate approach where the scale factor a has been expanded as a power series at relatively small values of the redshift corresponding to the epoch of the present accelerated expansion of the Universe. In this case values of the expansion coefficients a 1 , a 2 , which are completely determined by parameters of a specific DE model, permit us to find the dispersion relation (10), whose form depends on the type of DE.
Within the framework of the approximate approach used here, one can find the dispersion relation for various types of DE. As examples we have considered four kinds of DE (Chaplygin gas, quintessence, two k-essence models) for which the corresponding expansion coefficients have been found. By changing the values of the free parameters appearing in these expansions, one can find a form of the dispersion relation for DE models used in the literature. Then, comparing the obtained dispersion relations with observational data that we have at our disposal (or that will be obtained in future experiments), one can make some conclusions about the viability of various DE models.
